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The bionic fuzzy system embeds the biologically active adaptive strategy into the traditional T-S fuzzy system, which increases the
active adaptability. On the basis of the researches, an identificationmodel is added to the system, and a hybrid bionic adaptive fuzzy
control method is proposed in this paper, which makes the system have biological adaptability and strong anti-interference ability.
The adaptive law contains two items: the first one is the general term for adjusting system parameters by using the current state
and the second one is a compensation item for the adjustment of system parameters based on the development trend. Lyapunov
synthesis method is used to analyze the stability and convergence of system. The design method of fuzzy controller, adaptive laws,
and parameter constraints are given. Finally, the effectiveness of the method is verified by simulation of inverted pendulummodel.

1. Introduction

Due to the high complexity of dynamic environment and
system structure, the research of nonlinear systems is difficult
to achieve accurate description. At the same time, higher
requirements on the stability and effectiveness of the con-
trolled system needed to meet certain performance index.
By combining the adaptive control strategy and fuzzy con-
trol method, the stability and anti-interference of the system
can be improved due to the active adaptability of the organism
[1, 2]. The niche of individual organism is introduced into
the design of fuzzy systems, and adaptive behavior and
individual feedback are used to establish the fuzzy control
model based on ecological niche [3]. The design method of
genetic algorithm and double nested fuzzy control method
are given to make optimized controllable niche structure. A
tracking feedback control method based on optimum niche
is proposed, which is applied in the intelligent greenhouse
system to realize the fuzzy control design for optimal eco-
logical system [4]. In [5, 6], the self-organization and self-
learning of niche are added to the fuzzy system, and a new
fuzzy control method based on niche model is given. At
the same time, the universal approximation of system was
demonstrated, which achieved good results by using the sys-
tem function as approximation. In [7], the T-S adaptive fuzzy
control method is established by using the niche proximity

with normal distribution characteristics as the consequent of
fuzzy rules. The research [8] gives𝐻∞ tracking performance
designs in both indirect and direct adaptive fuzzy systems.

On the basis of the study, in this paper, combining the
identification model [9, 10] with bionic fuzzy system and
mixing the model error with tracking error, the hybrid bionic
fuzzy control method is built. Stability and convergence
analyzed by Lyapunov synthesis method [11–13], adaptive
law, and constraints of the system parameters are given. The
two items of bionic adaptive law, respectively, represent the
current state and development trend of systems, whichmakes
the system have good active adaptability. Finally, the strong
anti-interference and better stability of highly complexity
nonlinear system are verified by the simulation [14–18].

2. Basic Theory of Fuzzy System

2.1. Hybrid Adaptive Fuzzy System. Consider the following
nonlinear systems:

𝑥(𝑛) = 𝑓 (𝑥, �̇�, . . . , 𝑥(𝑛−1)) + 𝑔 (𝑥, �̇�, . . . , 𝑥(𝑛−1)) 𝑢
𝑦 = 𝑥. (1)

𝑓(𝑥) and 𝑔(𝑥) are continuous functions; 𝑢, 𝑦 ∈ 𝑅 are the
input and output of the system. 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛)𝑇 =
(𝑥, �̇�, . . . , 𝑥(𝑛−1))𝑇 ∈ 𝑅𝑛 is obtained by measuring the state
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vector. In order to control the system, when 𝑥 belongs to a
controllable interval 𝑈𝑐 ⊂ 𝑅𝑛, 𝑔(𝑥) ̸= 0 might as well set𝑔(𝑥) > 0.

The ideal controllers in the form

𝑢∗ = 1
𝑔 (𝑥) [−𝑓 (𝑥) + 𝑦(𝑛)𝑚 + 𝑘𝑇𝑒] (2)

set 𝑒 = 𝑦𝑚 − 𝑦 = 𝑦𝑚 − 𝑥, 𝑒 = (𝑒, ̇𝑒, . . . , 𝑒(𝑛−1))𝑇, 𝑘 = (𝑘𝑛, 𝑘𝑛−1,. . . , 𝑘1)𝑇 and make the real part of all the roots of polynomial𝑠𝑛 + 𝑘1𝑠𝑛−1 + ⋅ ⋅ ⋅ + 𝑘𝑛 negative. When 𝑡 → ∞, 𝑒(𝑡) → 0. That
is, the output of the system converges 𝑦 asymptotically to the
ideal output 𝑦𝑚.

A hybrid adaptive controller is constructed as follows [12]:

𝑢 = 𝛼𝑢𝑐 + (1 − 𝛼) 𝑢𝐷 + 𝑢𝑠 + 𝑢𝐼. (3)

𝑢𝑐 is equivalent controller, 𝑢𝐷 is output controller, 𝑢𝑠 is super-
visory controller, 𝑢𝐼 is adaptive compensation controller, and𝛼 ∈ [0, 1] is weighted factor.

2.2. Bionic Fuzzy System

2.2.1. Niche Ecostate-Ecorole Theory Function. Considering
the ecosystem with 𝑛 biological unit, the size of the niche of
the 𝑘 biological unit is defined as

𝑁𝑘 = 𝑠𝑘 + 𝐶𝑘𝑝𝑘∑𝑛𝑗=1 𝑠𝑗 + 𝐶𝑗𝑝𝑗 . (4)

𝑠𝑗 indicates the state of the 𝑗 biological unit, 𝐶𝑗 is the
dimensional conversion coefficient, and 𝑝𝑗 indicates the rate

of change of the 𝑗 biological unit, 𝑗 = 1, 2, . . . , 𝑛. If the
biological individual has a good state and good development
trend, then the niche of the biological individual is relatively
large,𝑁𝑘 ∈ [0, 1]. When the niche𝑁𝑘 of the 𝑘 biological unit
is greater, it indicates the greater niche role relatively in the
biological unit in the system in study.

2.2.2. Bionic Fuzzy System Rules. Considering system (1),𝑓(𝑥) and 𝑔(𝑥) are unknown functions, and the fuzzy system
is constructed by a series of “if-then” fuzzy rules:

𝑅𝑖𝑓: if 𝑥1 is 𝐴𝑖1 and 𝑥2 is 𝐴𝑖2 . . . and 𝑥𝑛 is 𝐴𝑖𝑛, then
𝑓𝑖(𝑥) = 𝑁𝑖𝑘, 𝑖 = 1, 2, . . . ,𝑀𝑓.
𝑅𝑖𝑔: if 𝑥1 is 𝐵𝑖1 and 𝑥2 is 𝐵𝑖2 . . . and 𝑥𝑛 is 𝐵𝑖𝑛, then
𝑔𝑖(𝑥) = 𝑁𝑖𝑘, 𝑖 = 1, 2, . . . ,𝑀𝑔.
𝑘 = 1, 2, . . . , 𝑛, 𝑅𝑖 represents 𝑖 fuzzy rule, and 𝐴𝑖𝑘 and𝐵𝑖𝑘 are the fuzzy sets of state vector 𝑥𝑘, determined by
the Ecostate 𝑠𝑖𝑘 and the Ecorole 𝑝𝑖𝑘 of the 𝑘 biological
unit.𝑁𝑖𝑘 = (𝑠𝑖𝑘+𝐶𝑘𝑝𝑖𝑘)/(∑𝑛𝑚=1 𝑠𝑖𝑚+𝐶𝑚𝑝𝑖𝑚) is the output
of the 𝑖 rule.

Using the center-average defuzzifier, product inference
engine, singleton fuzzifier, and Gauss membership function,
Adaptive fuzzy system based on biological adaptive strategy
is as follows:

𝑓 (𝑥𝜃1𝑓, 𝜃2𝑓) = ∑
𝑀
𝑖=1 ((𝑠𝑖𝑘 + 𝐶𝑘𝑝𝑖𝑘) / (∑𝑛𝑗=1 𝑠𝑖𝑗 + 𝐶𝑗𝑝𝑖𝑗))∏𝑛𝑗=1 exp [− ((𝑥𝑗 − 𝑥𝑖𝑗) /𝛿𝑖𝑗)2]

∑𝑀𝑖=1∏𝑛𝑗=1 exp [− ((𝑥𝑗 − 𝑥𝑖𝑗) /𝛿𝑖𝑗)2]
= 𝜃𝑇1𝑓𝜉 (𝑥) + 𝐶𝑘𝜃𝑇2𝑓𝜉 (𝑥) , (5)

where

𝜃1𝑓 = (𝜃11𝑓, 𝜃21𝑓, . . . , 𝜃𝑀1𝑓)𝑇 ,
𝜃𝑖1𝑓 = 𝑠𝑘

∑𝑛𝑗=1 (𝑠𝑖𝑗 + 𝐶𝑗𝑝𝑖𝑗) ,

𝜃2𝑓 = (𝜃12𝑓, 𝜃22𝑓, . . . , 𝜃𝑀𝑓2𝑓 )𝑇 ,
𝜃𝑖2𝑓 = 𝑝𝑖𝑘∑𝑛𝑚=1 (𝑠𝑖𝑚 + 𝐶𝑚𝑝𝑖𝑚) ,
𝜉 (𝑥) = (𝜉1 (𝑥) , 𝜉2 (𝑥) , . . . , 𝜉𝑀 (𝑥))𝑇 ,

𝜉𝑖 (𝑥) = ∐𝑛𝑗=1 exp [− ((𝑥𝑗 − 𝑥𝑖𝑗) /𝛿𝑖𝑗)2]
∑𝑀𝑖=1∐𝑛𝑗=1 exp [− ((𝑥𝑗 − 𝑥𝑖𝑗) /𝛿𝑖𝑗)2]

.

(6)

Similarly,

𝑔 (𝑥 | 𝜃1𝑓, 𝜃2𝑓) = 𝜃𝑇1𝑔𝜂 (𝑥) + 𝐶𝑘𝜃𝑇2𝑔𝜂 (𝑥) , (7)

𝑢𝐷 (𝑥 | 𝜃1𝐷, 𝜃2𝐷) = 𝜃𝑇1𝐷𝜑 (𝑥) + 𝐶𝑘𝜃𝑇2𝐷𝜑 (𝑥) , (8)

where 𝜃1𝑓, 𝜃1𝑔, 𝜃1𝐷 are on behalf of the current state of the
biological individuals and 𝜃2𝑓, 𝜃2𝑔, 𝜃2𝐷 represent develop-
ment trend of the biological individuals in the future.

3. Bionic Hybrid Controller

A nonlinear system is introduced in parallel with system (1):

̇̂𝑥1 = 𝑥2,
̇̂𝑥2 = 𝑥3
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...
̇̂𝑥𝑛 = 𝑓 (𝑥 | 𝜃1𝑓, 𝜃2𝑓) + 𝑔 (𝑥 | 𝜃1𝑔, 𝜃2𝑔) 𝑢.

(9)

Define model error as

𝜀 = ̇̂𝑥𝑛 (𝑡) − �̇�𝑛 (𝑡) . (10)

From system 3 and system (1), it can be obtained that

𝜀 = [𝑓 (𝑥 | 𝜃1𝑓, 𝜃2𝑓) − 𝑓 (𝑥)]
+ [𝑔 (𝑥 | 𝜃1𝑔, 𝜃2𝑔) − 𝑔 (𝑥)] 𝑢.

(11)

Themodel error of the original system and the identifica-
tion model combined as

𝜀 = 𝜙𝑇1𝑓𝜉 (𝑥) + 𝐶𝜙𝑇2𝑓𝜉 (𝑥) + 𝜙𝑇1𝑔𝜂 (𝑥) 𝑢
+ 𝜙𝑇2𝑔𝐶𝜂 (𝑥) 𝑢 + 𝜔,

𝜙1𝑓 = 𝜃1𝑓 − 𝜃∗1𝑓,
𝜙2𝑓 = 𝜃2𝑓 − 𝜃∗2𝑓,
𝜙1𝑔 = 𝜃1𝑔 − 𝜃∗1𝑔,
𝜙2𝑔 = 𝜃2𝑔 − 𝜃∗2𝑔

(12)

using 𝑓(𝑥 | 𝜃1𝑓, 𝜃2𝑓), 𝑔(𝑥 | 𝜃1𝑓, 𝜃2𝑓), 𝑢𝐷(𝑥 | 𝜃1𝐷, 𝜃2𝐷)
replace 𝑓(𝑥), 𝑔(𝑥), and 𝑢𝐷(𝑥); the minimum approximation
error is

𝜔 = 𝛼 [𝑓 (𝑥 | 𝜃∗1𝑓, 𝜃∗2𝑓) − 𝑓 (𝑥)
+ (𝑔 (𝑥 | 𝜃∗1𝑔, 𝜃∗2𝑔) − 𝑔 (𝑥)) 𝑢𝑐] + (1 − 𝛼) 𝑔 (𝑥) (𝑢∗
− 𝑢𝐷 (𝑥 | 𝜃1𝐷, 𝜃2𝐷)) .

(13)

Tracking error can be written as

̇𝑒 = Λ 𝑐𝑒 + 𝑏𝑐 {𝛼 (𝑓 (𝑥 | 𝜃1𝑓, 𝜃2𝑓) − 𝑓 (𝑥)
+ [𝑔 (𝑥 | 𝜃1𝑔, 𝜃2𝑔) − 𝑔 (𝑥)] 𝑢𝑐)} + 𝑏𝑐 (1 − 𝛼) 𝑔 (𝑥)
⋅ (𝑢∗ − 𝑢𝐷 (𝑥 | 𝜃1𝐷, 𝜃2𝐷)) − 𝑏𝑐𝑔 (𝑥) (𝑢𝑠 + 𝑢𝐼) .

(14)

Following design 𝑢𝑠 satisfies �̇� ≤ 0, and design supervi-
sion controller as

𝑢𝑠 = (𝑉𝑉)
𝑝

sgn (𝑒𝑇𝑃𝑏𝑐) [ 𝛼
𝑔1 (𝑥)

𝑓 (𝑥 | 𝜃1𝑓, 𝜃2𝑓)
+ 𝑓1 (𝑥) (𝑔 (𝑥𝜃1𝑔, 𝜃2𝑔) + 𝑔2 (𝑥) 𝑢𝑐)
+ (𝑓1 (𝑥) + 𝑦(𝑛)𝑚  + 𝑘𝑇𝑒)] + (𝑉𝑉)

𝑝

sgn (𝑒𝑇𝑃𝑏𝑐) (1
− 𝛼) [𝑢𝐷 (𝑥 | 𝜃1𝐷, 𝜃2𝐷)
+ 𝑔1 (𝑥) (𝑓1 (𝑥) + 𝑦(𝑛)𝑚  + 𝑘𝑇𝑒) + 𝑔2 (𝑥) 𝑢𝐼] .

(15)

Choose the compensation controller as

𝑢𝐼 = 𝑐0 sgn (𝑒𝑇𝑃𝑏𝑐) . (16)

𝑐0 is positive number; then the fuzzy controller of the closed
loop system is

𝑢 = 𝛼 1
𝑔 (𝑥 | 𝜃1𝑔, 𝜃2𝑔) [−𝑓 (𝑥 | 𝜃1𝑓, 𝜃2𝑓) +

𝑦(𝑛)𝑚 
+ 𝑘𝑇0 𝑒] + (1 − 𝛼) 𝑢𝐷 (𝑥 | 𝜃1𝐷, 𝜃2𝐷) + 𝑢𝑠 + 𝑢𝐼.

(17)

If 𝑉 ≤ 𝑉, the supervisory controller is 0; if the system tends
to separate, 𝑉 ≥ 𝑉, using 𝑢𝑠 to ensure 𝑉 ≤ 𝑉.
4. The Design of Adaptive Laws

Adjusting optimal parameters of hybrid fuzzy system based
on Bionic 𝜃∗1𝑓, 𝜃∗2𝑓, 𝜃∗1𝑔, 𝜃∗2𝑔, 𝜃∗1𝐷, 𝜃∗2𝐷
(𝜃∗1𝑓, 𝜃∗2𝑓)
= arg min

𝜃1𝑓∈Ω1𝑓,𝜃2𝑓∈Ω2𝑓
[sup
𝑥∈𝑢𝐼

𝑓 (𝑥 | 𝜃1𝑓, 𝜃2𝑓) − 𝑓 (𝑥)] ,
(𝜃∗1𝑔, 𝜃∗2𝑔)
= arg min

𝜃1𝑔∈Ω1𝑔 ,𝜃2𝑔∈Ω2𝑔
[sup
𝑥∈𝑢𝐼

𝑔 (𝑥 | 𝜃1𝑔, 𝜃2𝑔) − 𝑔 (𝑥)] ,
(𝜃∗1𝐷, 𝜃∗2𝐷)
= arg min

𝜃1𝐷∈Ω1𝐷,𝜃2𝐷∈Ω2𝐷
[sup
𝑥∈𝑢𝐼

𝑢 (𝑥 | 𝜃1𝐷, 𝜃2𝐷) − 𝑢 (𝑥)]

(18)

Ω1𝑓 = {𝜃𝑙1𝑓 : 𝜃𝑙1𝑓 ≤ 𝑀1𝑓} ,
Ω2𝑓 = {𝜃𝑙2𝑓 : 𝜃𝑙2𝑓 ≤ 𝑀2𝑓} ,
Ω1𝑔 = {𝜃𝑙1𝑔 : 𝛿 ≤ 𝜃𝑙1𝑔 ≤ 𝑀1𝑔} ,
Ω2𝑔 = {𝜃𝑙2𝑔 : 𝛿 ≤ 𝜃𝑙2𝑔 ≤ 𝑀2𝑔} ,
Ω1𝐷 = {𝜃𝑙1𝐷 : 𝜃𝑙1𝐷 ≤ 𝑀1𝐷} ,
Ω2𝐷 = {𝜃𝑙2𝐷 : 𝜃𝑙2𝐷 ≤ 𝑀2𝐷} .

(19)

Ω1𝑓, Ω2𝑓, Ω1𝑔, Ω2𝑔, Ω1𝐷, Ω2𝐷 are, respectively, the con-
straint set of 𝜃1𝑓, 𝜃2𝑓, 𝜃1𝑔, 𝜃2𝑔, 𝜃1𝐷, 𝜃2𝐷 and 𝑀1𝑓, 𝑀2𝑓,𝑀1𝑔, 𝑀2𝑔, 𝑀1𝐷, 𝑀2𝐷, 𝛿 are given constant.

Consider the followed Lyapunov function:

𝑉 = 12𝑒𝑇𝑃𝑒 +
𝛼
2𝛾1𝑓 (𝜃1𝑓 − 𝜃

∗
1𝑓)𝑇 (𝜃1𝑓 − 𝜃∗1𝑓)

+ 𝛼
2𝛾2𝑓 (𝜃2𝑓 − 𝜃

∗
2𝑓)𝑇 (𝜃2𝑓 − 𝜃∗2𝑓)
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+ 𝛼
2𝛾1𝑔 (𝜃1𝑔 − 𝜃

∗
1𝑔)𝑇 (𝜃1𝑔 − 𝜃∗1𝑔)

+ 𝛼
2𝛾2𝑔 (𝜃2𝑔 − 𝜃

∗
2𝑔)𝑇 (𝜃2𝑔 − 𝜃∗2𝑔)

+ (1 − 𝛼)2𝛾1𝐷 (𝜃1𝐷 − 𝜃∗1𝐷)𝑇 (𝜃1𝐷 − 𝜃∗1𝐷)
+ 𝛼
2𝛾2𝐷 (𝜃2𝐷 − 𝜃

∗
2𝐷)𝑇 (𝜃2𝐷 − 𝜃∗2𝐷) .

(20)

𝑃 is a positive definitematrix and satisfies the Lyapunov equa-
tion, and 𝑄 is an arbitrary positive definite matrix.

The bionic adaptive laws of the identification system are
as follows:

�̇�1𝑓 = −𝛾1𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜉 (𝑥) ,
�̇�2𝑓 = −𝛾2𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝐶] 𝜉 (𝑥) ,
�̇�1𝑔 = −𝛾1𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜂 (𝑥) 𝑢,

�̇�2𝑔 = −𝛾2𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝐶] 𝜂 (𝑥) 𝑢,
�̇�1𝐷 = −𝛾1𝐷 [𝛾𝜀 + 𝑔 (𝑥) 𝑒𝑇𝑃𝑏𝑐] 𝜑 (𝑥) ,
�̇�2𝐷 = −𝛾2𝐷 [𝛾𝜀 + 𝑔 (𝑥) 𝑒𝑇𝑃𝑏𝑐𝐶]𝜑 (𝑥) ,

(21)

where 𝜃1𝑓, 𝜃1𝑔, 𝜃1𝐷 represent the current state and 𝜃2𝑓, 𝜃2𝑔,𝜃2𝐷 represent the development trend of systems, whichmakes
the systems have good active adaptability.

5. Analysis of System
Stability and Convergence

It will affect the stability when the system is disturbed. In this
paper, a hybrid adaptive fuzzy controller is designed, and the
adaptive law is given. The following analysis is conducted for
the performance of fuzzy controller. To ensure 𝜃1𝑓 ∈ Ω1𝑓,𝜃2𝑓 ∈ Ω2𝑓, 𝜃1𝑔 ∈ Ω1𝑔, 𝜃2𝑔 ∈ Ω2𝑔, 𝜃1𝐷 ∈ Ω1𝐷, 𝜃2𝐷 ∈ Ω2𝐷,
parametric projection method is designed to satisfy the
parameter vector.

In terms of 𝑓(𝑥 | 𝜃1𝑓, 𝜃2𝑓),

̇𝜃1𝑓 = {{{
−𝛾1𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜉 (𝑥) when (𝜃1𝑓 < 𝑀1𝑓 or 𝜃1𝑓 = 𝑀1𝑓, 𝑒𝑇𝑃𝑏𝑐𝜉 (𝑥) 𝜃𝑇1𝑓 ≥ 0)
𝑃 {−𝛾1𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜉 (𝑥)} when (𝜃1𝑓 = 𝑀1𝑓, 𝑒𝑇𝑃𝑏𝑐𝜉 (𝑥) 𝜃𝑇1𝑓 < 0)

̇𝜃2𝑓 = {{{
−𝛾2𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜉 (𝑥) when (𝜃2𝑓 < 𝑀2𝑓 or 𝜃2𝑓 = 𝑀2𝑓, 𝑒𝑇𝑃𝑏𝑐𝜉 (𝑥) 𝜃𝑇2𝑓 ≥ 0)
𝑃 {−𝛾2𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜉 (𝑥)} when (𝜃2𝑓 = 𝑀2𝑓, 𝑒𝑇𝑃𝑏𝑐𝐶𝜉 (𝑥) 𝜃𝑇2𝑓 < 0)

(22)

which satisfies the projection operator

𝑃 {−𝛾1𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜉 (𝑥)}
= −𝛾1𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜉 (𝑥)
+ 𝛾1𝑓 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜃

𝑇
1𝑓𝜃1𝑓𝜉 (𝑥)𝜃1𝑓2

.
(23)

In terms of 𝑔(𝑥 | 𝜃1𝑔, 𝜃2𝑔), if one element of 𝜃1𝑔, 𝜃2𝑔 satisfies𝜃𝑖1𝑔 = 𝛿, 𝜃𝑖2𝑔 = 𝛿, then

̇𝜃𝑙1𝑔 = {{{
−𝛾1𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜂𝑙 (𝑥) 𝑢 (𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐) 𝜂𝑙 (𝑥) 𝑢 < 0
0 (𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐) 𝜂𝑙 (𝑥) 𝑢 ≥ 0

̇𝜃𝑙2𝑔

= {{{
−𝛾2𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝐶] 𝜂𝑙 (𝑥) 𝑢 (𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝐶) 𝜂𝑙 (𝑥) 𝑢 ≤ 0
0 (𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝐶) 𝜂𝑙 (𝑥) 𝑢 > 0.

(24)

Otherwise,

̇𝜃1𝑔 = {{{
−𝛾1𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜂 (𝑥) when (𝜃1𝑔 < 𝑀1𝑔 or 𝜃1𝑔 = 𝑀1𝑔, 𝑒𝑇𝑃𝑏𝑐𝜂 (𝑥) 𝜃𝑇1𝑔 ≥ 0)
𝑃 {−𝛾1𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜂 (𝑥)} when (𝜃1𝑔 = 𝑀1𝑔, 𝑒𝑇𝑃𝑏𝑐𝜂 (𝑥) 𝜃𝑇1𝑔 < 0)

̇𝜃2𝑔 = {{{
−𝛾2𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝐶] 𝜂 (𝑥) when (𝜃2𝑔 < 𝑀2𝑔 or 𝜃2𝑔 = 𝑀2𝑔, 𝑒𝑇𝑃𝑏𝑐𝐶𝜂 (𝑥) 𝜃𝑇2𝑔 ≥ 0)
𝑃 {−𝛾2𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝐶] 𝜂 (𝑥)} when (𝜃2𝑔 = 𝑀2𝑔, 𝑒𝑇𝑃𝑏𝑐𝐶𝜂 (𝑥) 𝜃𝑇2𝑔 < 0)

(25)
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which satisfies the projection operator

𝑃 {−𝛾1𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜂 (𝑥)}
= −𝛾1𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜂 (𝑥)

+ 𝛾1𝑔 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜃
𝑇
1𝑔𝜃1𝑔𝜂 (𝑥)𝜃1𝑔2

.
(26)

In terms of 𝑢𝐷(𝑥 | 𝜃1𝐷, 𝜃2𝐷),

̇𝜃1𝐷 = {{{
−𝛾1𝐷 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥)] 𝜑 (𝑥) when (𝜃1𝐷 < 𝑀1𝐷 or 𝜃1𝐷 = 𝑀1𝐷, 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥) 𝜑 (𝑥) 𝜃𝑇1𝐷 ≥ 0)
𝑃 {−𝛾1𝐷 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥)] 𝜑 (𝑥)} when (𝜃1𝐷 = 𝑀1𝐷 or 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥) 𝜑 (𝑥) 𝜃𝑇1𝐷 < 0)

̇𝜃2𝐷 = {{{
−𝛾2𝐷 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥)] 𝜑 (𝑥) when (𝜃2𝐷 < 𝑀2𝐷 or 𝜃2𝐷 = 𝑀2𝐷, 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥) 𝜑 (𝑥) 𝜃𝑇2𝐷 ≥ 0)
𝑃 {−𝛾2𝐷 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥)] 𝜑 (𝑥)} when (𝜃2𝐷 = 𝑀2𝐷, 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥) 𝜑 (𝑥) 𝜃𝑇2𝐷 < 0)

(27)

which satisfies the projection operator

𝑃 {−𝛾1𝐷 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜑 (𝑥)}
= −𝛾1𝐷 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐] 𝜑 (𝑥)
+ 𝛾1𝐷 [𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥)] 𝜃

𝑇
1𝐷𝜃1𝐷𝜑 (𝑥)𝜃1𝐷2 .

(28)

Theorem 1. Set the constraints set of Ω1𝑓, Ω2𝑓, Ω1𝑔,Ω2𝑔, Ω1𝐷, Ω2𝐷 which are given by (19); if the initial value of
the parameter satisfies 𝜃1𝑓(0) ∈ Ω1𝑓, 𝜃2𝑓(0) ∈ Ω2𝑓, 𝜃1𝑔(0) ∈Ω1𝑔, 𝜃2𝑔(0) ∈ Ω2𝑔, 𝜃1𝐷(0) ∈ Ω1𝐷, 𝜃2𝐷(0) ∈ Ω2𝐷, to any𝑡 ≥ 0, adaptive laws can ensure 𝜃1𝑓(𝑡) ∈ Ω1𝑓, 𝜃2𝑓(𝑡) ∈Ω2𝑓, 𝜃1𝑔(𝑡) ∈ Ω1𝑔, 𝜃2𝑔(𝑡) ∈ Ω2𝑔, 𝜃1𝐷(𝑡) ∈ Ω1𝐷, 𝜃2𝐷(𝑡) ∈Ω2𝐷.
Proof. Set 𝑉1𝑓 = (1/2)𝜃𝑇1𝑓𝜃1𝑓, if formula (24) satisfies the
first condition, when |𝜃1𝑓| = 𝑀1𝑓, |𝜃1𝑓| ≤ 𝑀1𝑓. Otherwise,
�̇�1𝑓 = −𝛾1𝑓(𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐𝜃𝑇1𝑓)𝜉(𝑥) ≤ 0, and |𝜃1𝑓| ≤ 𝑀1𝑓;
if formula (24) satisfies the second condition, then |𝜃1𝑓| =𝑀1𝑓, and �̇�1𝑓 = −𝛾1𝑓[𝛾𝜀 + 𝑒𝑇𝑃𝑏𝑐]𝜃𝑇1𝑓𝜉(𝑥) + 𝛾1𝑓[𝛾𝜀 +𝑒𝑇𝑃𝑏𝑐](𝜃𝑇1𝑓𝜃1𝑓𝜉(𝑥)/|𝜃1𝑓|2)𝜃𝑇1𝑓𝜉(𝑥) = 0; therefore, in this case,
|𝜃1𝑓| ≤ 𝑀1𝑓, due to the initial conditions 𝜃1𝑓(0) ≤ 𝑀1𝑓,
to any 𝑡 ≥ 0, 𝜃1𝑓(𝑡) ≤ 𝑀1𝑓. Similarly, it can be proved that𝜃2𝑓(𝑡) ≤ 𝑀2𝑓, 𝜃1𝑔(𝑡) ≤ 𝑀1𝑔, 𝜃2𝑔(𝑡) ≤ 𝑀2𝑔, 𝜃1𝐷(𝑡) ≤ 𝑀1𝐷,
and 𝜃2𝐷(𝑡) ≤ 𝑀2𝐷.

It can be obtained by formula (24) that if 𝜃𝑙1𝑔 = 𝛿, ̇𝜃𝑙1𝑔 ≥ 0,
then there is 𝜃𝑙1𝑔 ≥ 𝛿, |𝜃1𝑔| ≥ 𝛿. Similarly, 𝜃2𝑔 ≥ 𝛿.
Theorem 2. Hybrid adaptive fuzzy systems form (1), where𝑓(𝑥) and 𝑔(𝑥) are all unknown functions, and the equivalent
controller 𝑢𝑐, the output controller 𝑢𝐷, the supervisory con-
troller 𝑢𝑠, and the adaptive compensation controller 𝑢𝐼 are,
respectively, designed according to formulas (3), (8), (15), and
(16). The adaptive law is given by (21), and adaptive fuzzy
control system must have the following characteristics:

(1) All parameters and state variables are bounded:

𝜃𝑙1𝑓 ≤ 𝑀1𝑓,𝜃𝑙2𝑓 ≤ 𝑀2𝑓,𝜃𝑙1𝑔 ≤ 𝑀1𝑔,𝜃𝑙2𝑔 ≤ 𝑀2𝑔 𝜃𝑙1𝐷 ≤ 𝑀1𝐷,𝜃𝑙2𝐷 ≤ 𝑀2𝐷,
|𝑥 (𝑡)| ≤ 𝑀𝑥

(29)

and𝑀1𝑓, 𝑀2𝑓, 𝑀1𝑔, 𝑀2𝑔, 𝑀1𝐷, 𝑀2𝐷, 𝑀𝑥 are given
positive constant.

(2) The boundary of tracking error and the model error is
given by the minimum approximation error set 𝜙 =
(𝜙𝑓 + 𝜙𝑔𝑢)𝑇𝜉(𝑥); then

∫𝑡
0
|𝑒 (𝜏)|2 𝑑𝜏 + ∫𝑡

0

𝜙 (𝜏)2 𝑑𝜏 ≤ 𝑎 + 𝑏∫
𝑡

0
|𝜔 (𝜏)|2 𝑑𝜏,

∀𝑡 ≥ 0,
∫𝑡
0
|𝑒 (𝜏)|2 𝑑𝜏 + ∫𝑡

0
|𝜀 (𝜏)|2 𝑑𝜏 ≤ 𝑎 + 𝑏∫𝑡

0
|𝜔 (𝜏)|2 𝑑𝜏,

∀𝑡 ≥ 0.

(30)

(3) If square of 𝜔 is integrable, it means that
∫∞
0
|𝜔(𝜏)|2𝑑𝑡 < ∞; then lim𝑡→∞|𝑒(𝑡)| = 0,

lim𝑡→∞|𝜀(𝑡)| = 0.
Proof. ‖𝜃𝑙1𝑓‖ ≤ 𝑀1𝑓, ‖𝜃𝑙2𝑓‖ ≤ 𝑀2𝑓, ‖𝜃𝑙1𝑔‖ ≤ 𝑀1𝑔, ‖𝜃𝑙2𝑔‖ ≤𝑀2𝑔, ‖𝜃𝑙1𝐷‖ ≤ 𝑀1𝐷, and ‖𝜃𝑙2𝐷‖ ≤ 𝑀2𝐷 have been proved in
Theorem 1, and the following is to prove that |𝑥| ≤ 𝑀𝑥.
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While designing the controller 𝑢𝑠, set𝑉 < 𝑉, 𝑉 is a given
constant, set 𝜆𝑃min is the minimum eigenvalue of 𝑃, and due
to 𝑉 = (1/2)𝑒𝑇𝑃𝑒, it can be obtained that

𝑉1/2 ≥ (𝜆𝑃min2 )1/2 |𝑒| ≥ (𝜆𝑃min2 )1/2 (|𝑥| − 𝑦𝑚) . (31)

Therefore, 𝑉 ≤ 𝑉 equals |𝑥| ≤ |𝑦𝑚| + (2𝑉/𝜆𝑃min)1/2, and to
satisfy |𝑥| ≤ 𝑀𝑥, it can choose

𝑉 = 𝜆𝑃min2 (𝑀𝑥 − sup
𝑡≥0

𝑦𝑚)
2

. (32)

Proof. Combine the adaptive laws (21), (22), (24), (25), and
(26) into the following Lyapunov function:

�̇� = −12𝑒𝑇𝑄𝑒 + 𝑒𝑇𝑃𝑏𝑐𝜔

+ 𝛼
𝛾1𝑓 𝜙
𝑇
1𝑓 [ ̇𝜃1𝑓 + 𝛾1𝑓𝑒𝑇𝑃𝑏𝑐𝜉 (𝑥)]

+ 𝛼
𝛾2𝑓 𝜙
𝑇
2𝑓 [ ̇𝜃2𝑓 + 𝛾2𝑓𝑒𝑇𝑃𝑏𝑐𝐶𝜉 (𝑥)]

+ 𝛼
𝛾1𝑔 𝜙
𝑇
1𝑔 [ ̇𝜃1𝑔 + 𝛾1𝑔𝑒𝑇𝑃𝑏𝑐𝜂 (𝑥) 𝑢]

+ 𝛼
𝛾2𝑔 𝜙
𝑇
2𝑔 [ ̇𝜃2𝑔 + 𝛾2𝑔𝑒𝑇𝑃𝑏𝑐𝐶𝜂 (𝑥) 𝑢]

+ 1 − 𝛼𝛾1𝐷 𝜙
𝑇
1𝐷 [ ̇𝜃1𝐷 + 𝛾1𝐷𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥) 𝜑 (𝑥)]

+ 1 − 𝛼𝛾2𝐷 𝜙
𝑇
2𝐷 [ ̇𝜃2𝐷 + 𝛾2𝐷𝑒𝑇𝑃𝑏𝑐𝑔 (𝑥) 𝐶𝜑 (𝑥)] .

(33)

Then

�̇� = −12𝑒𝑇𝑄𝑒 + 𝑒𝑇𝑃𝑏𝑐𝜔 + 𝜙𝑇1𝑓 [−𝛾𝜀𝜉 (𝑥)]
+ 𝜙𝑇2𝑓 [−𝛾𝜀𝐶𝜉 (𝑥)] +∑

𝑝

𝜙𝑝1𝑔 [𝑒𝑇𝑃𝑏𝑐𝜂𝑝 (𝑥) 𝑢]

+∑
𝑝

𝜙𝑝1𝑔 [−𝛾𝜀𝜂𝑝 (𝑥) 𝑢]

+∑
𝑞

𝜙𝑞2𝑔 [𝑒𝑇𝑃𝑏𝑐𝐶𝜂𝑞 (𝑥) 𝑢]

+∑
𝑞

𝜙𝑞2𝑔 [−𝛾𝜀𝐶𝜂𝑞 (𝑥) 𝑢] + 𝜙𝑇1𝐷 [−𝛾𝜀𝜑 (𝑥)]

+ 𝜙𝑇2𝐷 [−𝛾𝜀𝐶𝜑 (𝑥)]

(34)

due to that,
∑
𝑝

𝜙𝑝1𝑔 [−𝛾𝜀𝜂𝑝 (𝑥) 𝑢]

+∑
𝑞

𝜙𝑞1𝑔 [−𝛾𝜀𝜂𝑞 (𝑥) 𝑢] =
𝑀∑
𝑙=1

𝜙𝑙1𝑔 [−𝛾𝜀𝜂𝑙 (𝑥) 𝑢] ,
∑
𝑝

𝜙𝑝2𝑔 [−𝛾𝜀𝐶𝜂𝑝 (𝑥) 𝑢]

+∑
𝑞

𝜙𝑞2𝑔 [−𝛾𝜀𝐶𝜂𝑞 (𝑥) 𝑢] =
𝑀∑
𝑙=1

𝜙𝑙2𝑔 [−𝛾𝜀𝐶𝜂𝑙 (𝑥) 𝑢] ,
𝜙𝑇1𝑓 [−𝛾𝜀𝜉 (𝑥)] + 𝜙𝑇1𝑔 [−𝛾𝜀𝜂 (𝑥) 𝑢] + 𝜙𝑇2𝑓 [−𝛾𝜀𝐶𝜉 (𝑥)]
+ 𝜙𝑇2𝑔 [−𝛾𝜀𝐶𝜂 (𝑥) 𝑢] = −𝛾𝜙2 − 𝜆𝜙𝜔,

(35)

and there is
𝜙 = 𝜙𝑇1𝑓𝜉 (𝑥) + 𝐶𝜙𝑇2𝑓𝜉 (𝑥) + 𝜙𝑇1𝑔𝜂 (𝑥) 𝑢 + 𝜙𝑇2𝑔𝐶𝜂 (𝑥) 𝑢
= 𝜀 − 𝜔.

(36)

Set

𝑒 = [𝑒𝜙] ,

𝑄 = [𝑄 0
0 2𝛾] ,

�̃�𝑛 = [𝑃𝑏𝑐−𝛾]

(37)

so it can be obtained that

�̇� ≤ −12𝑒𝑇𝑄𝑒 + (𝑒𝑇𝑃𝑏𝑐 − 𝛾𝜙)𝜔 − 𝛾𝜙2

= −12𝑒𝑇𝑄𝑒 + 𝑒𝑇�̃�𝑛𝜔
≤ −12𝜆�̃�min |𝑒|2 + 12 |𝑒|2 +

1
2
�̃�𝑛𝜔2

= −𝜆�̃�min − 12 |𝑒|2 + 12
�̃�𝑛𝜔2

(38)

to any 𝑡 ≥ 0,
∫𝑡
0
|𝑒 (𝜏)|2 𝑑𝜏 ≤ 2

𝜆�̃�min − 1 [𝑉 (0) − 𝑉 (𝑡)]

+
�̃�𝑛2𝜆�̃�min − 1 ∫

𝑡

0
|𝜔 (𝜏)|2 𝑑𝜏

≤ 2
𝜆�̃�min − 1 [𝑉 (0)]

+
�̃�𝑛2𝜆�̃�min − 1 ∫

𝑡

0
|𝜔 (𝜏)|2 𝑑𝜏

(39)
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Figure 1: 𝑥1 and 𝑥2 with internal disturbance.

and because of |𝑒(𝑡)|2 = |𝑒(𝑡)|2 + [𝜀(𝑡)]2, |�̃�𝑛|2 = |𝑃𝑏𝑐|2 + |𝛾|2,
it can be proved by

𝑎 = 2𝑉 (0)
(min {𝜆𝑄min, 2𝛾} − 1) ,

𝑏 = 𝑃𝑏𝑐2 + 𝛾2(min {𝜆𝑄min, 2𝛾} − 1)
(40)

noting that {𝜆𝑄min, 2𝛾} − 1 > 0.
Proof. If 𝜔 ∈ 𝐿2, we can obtain 𝑒 ∈ 𝐿2 by Theory 2, because
the variables are bounded; then ̇𝑒 ∈ 𝐿∞, by Barbalat lemma
(if 𝑒 ∈ 𝐿2 ∩ 𝐿∞ and ̇𝑒 ∈ 𝐿∞, then lim𝑡→∞|𝑒(𝑡)| = 0); we can
get lim𝑡→∞|𝑒(𝑡)| = 0.
6. Simulation

Example 1. The inverted pendulum problem is studied by the
hybrid adaptive fuzzy control method:

�̇�1 = 𝑥2,
�̇�2 = 𝑔 sin𝑥1 − 𝑚𝑙𝑥

2
2 sin𝑥1/ (𝑚𝑐 + 𝑚)𝑙 (4/3 − 𝑚 cos2𝑥1/ (𝑚𝑐 + 𝑚))

+ cos𝑥1/ (𝑚𝑐 + 𝑚)𝑙 (4/3 − 𝑚 cos2𝑥1/ (𝑚𝑐 + 𝑚))𝑢
(41)

and 𝑔 = 9.8m/s2,𝑚𝑐 = 1 kg,𝑚 = 0.1 kg, 𝑙 = 0.5m. Choosing
𝐾𝑇 = (𝑘1 𝑘2) = (1 2) , 𝐶𝑘 = 1, 𝑄 = diag (10 10), by solv-
ing equation Λ𝑇𝑐𝑃 = 𝑃Λ 𝑐 = −𝑄, then 𝑃 = ( 15 55 5 ).

The membership function is

𝜇𝑀11 (𝑥1) = exp[−(𝑥1 + (𝜋/6)𝜋/10 )2] ,

𝜇𝑀21 (𝑥1) = exp[−( 𝑥1𝜋/10)
2] ,

𝜇𝑀31 (𝑥1) = exp[−(𝑥1 − (𝜋/6)𝜋/10 )2] ,

𝜇𝑀12 (𝑥2) = exp[−(𝑥2 + (𝜋/6)𝜋/10 )2] ,

𝜇𝑀22 (𝑥2) = exp[−( 𝑥2𝜋/10)
2] ,

𝜇𝑀32 (𝑥2) = exp[−(𝑥2 − (𝜋/6)𝜋/10 )2] .

(42)

Set the initial conditions 𝑥(0) = (−𝜋/9, 𝜋/12)𝑇, the
original system, and control systemwith internal disturbance
(system state input 𝑥 is substituted by (1+𝛿1)𝑥, 𝛿1 = 0.5) and
external disturbance (𝛿2 = 0.01).

From Figures 1–3, when the system is disturbed, the
hybrid bionic adaptive controller proposed in this paper
makes the system have more anti-interference and good
convergence. In addition, this paper makes a comparison
when the output trajectory has both internal and external
disturbances; it can be seen that the fuzzy system has
achieved good results. From Figure 4(a), when 𝐶𝑘 = 1, the
systemhas good convergence and biological adaptability than
system controlled by traditional method. From Figure 4(b),
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Figure 2: 𝑥1 and 𝑥2 with external disturbance.
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Figure 3: 𝑥1 and 𝑥2 with both internal and external disturbances.

by comparing the output trajectories, it can be obtained that
the bionic hybrid fuzzy control has better result.

Example 2. Consider the following uncertain system:

�̇� = −𝜔 + 𝑥21 + 𝑥22,
�̇�1 = 𝑥2,
�̇�2 = −𝑥 − 2𝑥2 + Δ𝑓 (𝑥, V, 𝑡) + Δℎ (𝜔) + 𝑢,

(43)

where 𝜔 ∈ 𝑅 is the unmodelled dynamics of the system.Δℎ(𝜔) is the related uncertain item of the unmodelled
dynamics 𝜔.

Set

Δℎ (𝜔) = 2𝜔,
Δ𝑓 (𝑥, V, 𝑡) = 𝑏1 + 𝑏2 cos (2𝑡) 𝑥21𝑥22𝑎1 + 𝑎2 sin (𝑡) + 𝑎3𝑥21 + 𝑎4𝑥22 .

(44)
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Figure 5: 𝑥1 and 𝑥2 with internal disturbance.

𝑎, 𝑏 are unknown constants, satisfying the fact that 𝑎1 ≥ 𝑎2 +1 > 0, 𝑎3 ≥ 1, 𝑎4 ≥ 1.
In stimulation, set 𝑎1 = 2, 𝑎2 = 0.5, 𝑎3 = 1.5, 𝑎4 = 1.5,𝑏1 = 1, 𝑏2 = 2.

From Figure 5, to the uncertain system with distur-
bance, the hybrid bionic adaptive controller proposed makes
the system have more anti-interference and good conver-
gence. From Figure 6, when 𝐶𝑘 = 1, the system has good
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Figure 6: 𝑥1 with both internal and external disturbances (when𝐶𝑘
chooses different values).

convergence and biological adaptability than system con-
trolled by traditional method.

7. Conclusion

In this paper, the hybrid fuzzy control method combined
model error with tracking error to design the adaptive laws.
Compared with traditional method, it has faster convergence
rate. In addition, the biological characteristics are embedded
in the bionic fuzzy system,which improved the condition that
traditional adaptive law just considers the current state of sys-
tem. The method proposed in this paper makes system have
advantages of anti-interference and strong self-adaptability.
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